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Motivations Deduction modulo
I —

Proving that the square of an even number is even:
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Motivations Deduction modulo
I —

Proving that the square of an even number is even:

Take a number z.
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Motivations Deduction modulo
I —

Proving that the square of an even number is even:

Take a number z.

Suppose it is even.
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Motivations Deduction modulo
I —

Proving that the square of an even number is even:

Take a number z.
Suppose it is even.
Then it is the double of some number y. (x=2-y)
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Motivations Deduction modulo
I —

Proving that the square of an even number is even:

Take a number z.

Suppose it is even.

Then it is the double of some number y. (x=2-y)

Then one can compute that the square of x is the double of

the double of the square of y. (22 =2-(2-9?))
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Motivations Deduction modulo
I —

Proving that the square of an even number is even:

Take a number z.
Suppose it is even.
Then it is the double of some number y. (x=2-y)

Then one can compute that the square of x is the double of
the double of the square of y. (22 =2-(2-9?))

Therefore the square of x is even.
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Motivations Deduction modulo
I —

Proving that the square of an even number is even:

Take a number z.

Suppose it is even.

Then it is the double of some number y. (x=2-y)
Then one can compute that the square of x is the double of
the double of the square of y. (22 =2-(2-9?))
Therefore the square of x is even.
QED.
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Motivations Deduction modulo
I —

Proving that the square of an even number is even:

Take a number z.

Suppose it is even.

Then it is the double of some number y. (x=2-y)
Then one can compute that the square of x is the double of
the double of the square of y. (22 =2-(2-9?))
Therefore the square of x is even.
QED.
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Motivations Deduction modulo
I —

Vz. Even(z) = Even(x - x)
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Motivations Deduction modulo
I —

Even(z) = Even(z - x)
V-i

Vz. Even(z) = Even(x - x)
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Motivations Deduction modulo
I —

Even(zx) (i)
Even(z - x)
= -i (i)
Even(z) = Even(z - x)
V-i
Vz. Even(z) = Even(x - x)
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Motivations Deduction modulo
I —

Even(zx) (i)
Vz. (Jy. x =2 -y) = Even(z) (def)
Even(z - x)
= -i (i)
Even(z) = Even(z - x)
V-i
Vz. Even(z) = Even(x - x)
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Motivations Deduction modulo
I —

Even(zx) (i)
Vz. (Jy. x =2 -y) = Even(z) (def)
V-e
(Fy. z-2=2-y) = FEven(x - x)

Even(z - x)

= i (i

Even(z) = Even(z - x)
V-i
Vz. Even(z) = Even(x - x)
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Motivations Deduction modulo
I —

Even(zx) (i)
Vz. (Jy. x =2 -y) = Even(z) (def)
V-e
Jy.z-x=2-y (Fy. x-x=2-y) = Even(x - )
= e

Even(z - x)

= -i (i)

Even(z) = Even(z - x)
V-i
Vz. Even(z) = Even(x - x)
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Motivations Deduction modulo
I —

Vz. Even(x) = Jy. © = 2 - y (def)

Even(zx) (i)
Vz. (Jy. x =2 -y) = Even(z) (def)
V-e
Jy.z-x=2-y (Fy. x-x=2-y) = Even(x - )
= e

Even(z - x)

= -i (i)

Even(z) = Even(z - x)
V-i
Vz. Even(z) = Even(x - x)
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Motivations Deduction modulo
I —

Vz. Even(x) = Jy. © = 2 - y (def)

V-e
Even(zx) (i) Even(z)=3Jy. =2y
Vz. (Jy. x =2 -y) = Even(z) (def)
V-e
Jy.z-x=2-y (Fy. x-x=2-y) = Even(x - )
= -e
Even(z - x)
= -i (i)
Even(z) = Even(z - x)
V-i
Vz. Even(z) = Even(x - x)
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Motivations Deduction modulo
I —

Vz. Even(x) = Jy. © = 2 - y (def)

V-e
Even(zx) (i) Even(z)=3Jy. =2y
= e
Jy.x=2-y9
Vz. (Jy. x =2 -y) = Even(z) (def)
V-e
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Motivations Deduction modulo
I —

Vz. Even(x) = Jy. © = 2 - y (def)

V-e
Even(zx) (i) Even(z)=3Jy. =2y
= e
Jy.x=2-y9
J-e
r=2-y
Vz. (Jy. x =2 -y) = Even(z) (def)
V-e
Jy.z-x=2-y (Fy. x-x=2-y) = Even(x - )
= e
Even(z - x)
= -i (i)
Even(z) = Even(z - x)
V-i
Vz. Even(z) = Even(x - x)
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Motivations Deduction modulo
I —

Vz. Even(x) = Jy. © = 2 - y (def)

V-e
Even(zx) (i) Even(z)=3Jy. =2y
= e
Jy.z=2-y9
Fe——m
r=2-y
z-x=2-(y-(2-y)) Vz. (Jy. x = 2-y) = Even(z) (def)
i V-e
Jy.z-x=2-y (Jy. z-x=2-y) = Even(x - x)
= -e
Even(z - x)
=i (i)
Even(z) = Even(z - x)
V-i
Vz. Even(z) = Even(x - x)
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Motivations Deduction modulo
I —

Vz. Even(x) = Jy. © = 2 - y (def)

V-e
Even(zx) (i) Even(z)=3Jy. =2y
= e
Jy.z=2-y9
Fe——m
r=2-y
7
z-x=2-(y-(2-y)) Vz. (Jy. x = 2-y) = Even(z) (def)
i V-e
Jy.z-x=2-y (Jy. z-x=2-y) = Even(x - x)
= -€
Even(z - x)
= -i (i)
Even(z) = Even(z - x)
V-i
Vz. Even(z) = Even(x - x)
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Motivations Deduction modulo
I —————
Vz. Even(z) = 3y. © = 2 - y (def)

V-e
Even(z) (i) Even(z) = Jy.z =2y
= e
Jy.z=2-y
J-e
x=2-y
cir=2-(y-(2-y) Vo. (3y. @ =2 y) = Even() (def)
33— V-e
dy.z-x=2-y (By.z-xz=2-y) = Even(x - x)
= -e
Even(z - x)
= - (i)
Even(z) = Even(x - x)
V-i
Vz. Even(z) = Even(z - z)
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Motivations Deduction modulo
I —————
Vz. Even(z) = Jy. © =2 - y (de

V-e
Even(z) (i) Even(z) = Jy.z =2 -y
= -e
Jy.z=2-y
J-e
=2y
Voyz (o y) z=-(y-2) ()
Tz x=2-(y (2-y)) V.
i — V-e —
Jy.z-2=2-y 3
= e
Even(z - x)
= - (i)
Even(z) = Even(z - x)
V-i
Vz. Even(z) = Even(z - x)
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Motivations Deduction modulo
I —————
Vz. Even(z) = Jy. © =2 - y (de

V-e
Even(z) (i) Even(z) = Jy.z=2-y
= e
Jy.z=2-y
J-e
=2y
Voyz (@-y) z=a-(y-2)(ax)
V-e X3
(2-y)-2-y)=2-(y-(2-9))
Tz x=2-(y (2-y)) V.
3 — V-e —
Jy.z-z2=2-y 3
= e
Even(z - x)
= -i (i)
Even(z) = Even(x - x)
V-i
Vz. Even(z) = Even(z - z)
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Motivations Deduction modulo
I —————
Vz. Even(z) = 3y. © = 2 - y (def)

V-e
Even(z) (i) Even(z) = Jy.z =2y
= e
Jy.z=2-y
J-e
z=2-y Veyz.o=y=>y=2z=x==z(ax)
T
cr=2-(y- 2 v) Vo. (3y. @ =2 y) = Even() (def)
3-i V-e
dy.z-x=2-y (By.z-xz=2-y) = Even(x - x)
= -e
Even(z - x)
= - (i)
Even(z) = Even(x - x)
V-i
Vz. Even(z) = Even(z - z)
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Motivations Deduction modulo
I —————
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Motivations Deduction modulo

Vz. Even(z) = 3y. © = 2 - y (def)

V-e
Even(z) (i) Even(z) = Jy.z=2-y

= -e

Jy.z=2-y
J-e

r=2-y Veyz.o=y=>y=2z=x==z(ax)

V-e
z-x=(2-y) (2-v) zox=02-y)-Q2y=>029 - Qy=2-(y-Qy)=>z- =2
= -e

T 2y Q2 y=2-y Ry r=2-(y-(2-y)

z-z=2-(y-(2-y)) Vz. (Jy. ¢ =2 - y) = Even(z) (def)
3 — V-e
Jy.z-x=2-y By.z-xz=2-y) = Even(x - x)
= -e

Even(z - x)

= -i (i)
Even(z) = Even(x - x)

V-i
Vz. Even(z) = Even(zx - z)
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Motivations Deduction modulo
I —
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Motivations Deduction modulo

Vz. Even(z) = 3y. © = 2 - y (def)

V-e
Even(z) (i) Even(z) = Jy.z=2-y

= -e

Jy.z=2-y
J-e

z=2-y Veyz.o=y=>y=2z=x==z(ax)

?V-e
z-z=(2-y) (2-y) z-z=02y) - 2-y)=>02-y)-2-y)=2-(y-2-yY)=>z =2
= -e

T 2y Q2 y=2-y Ry r=2-(y-(2-y)

= -e
z-x=2-(y-(2-y)) Vz. (Jy. ¢ =2 - y) = Even(z) (def)
3 — V-e
Jy.z-x=2-y By.z-xz=2-y) = Even(x - x)
= -e

Even(z - x)

= -i (i)
Even(z) = Even(x - x)

V-i
Vz. Even(z) = Even(z - z)
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Motivations Deduction modulo

Vz. Even(z) = 3y. © = 2 - y (def)

V-e
Even(z) (i) Even(z) = Jy. 2 =2 -y

= -e

Jy.z=2-y
J-e

rz=2-y Veyz.x=y=y=z2=x=2z(ax)
Ve
z-z=(2-y) (2-y) z-z=02y) - 2-y)=>02-y)-2-y)=2-(y-2-y)=>z =2

= -e

T 2y 2y=2-(yQy)=zc=2-(y (2-y)

= -e
z-z=2-(y-(2-y)) Vz. (Jy. z =2 - y) = Even(z) (def)
3 — V-e
Jy.z-x=2-y By.z-xz=2-y) = Even(x - x)
= e
Even(z - x)
= -i (i)
Even(z) = Even(x - x)
V-i
Vz. Even(z) = Even(z - z)
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Motivations Deduction modulo

Deduction modulo [Dowek et al., 2003]

Computational part expressed as a rewrite system over terms
and propositions
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Motivations Deduction modulo

Deduction modulo [Dowek et al., 2003]

Computational part expressed as a rewrite system over terms
and propositions
For instance
s(x)-y—x-y+y
Even(z) » Jy. =2y
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Motivations Deduction modulo

Deduction modulo [Dowek et al., 2003]

Computational part expressed as a rewrite system over terms
and propositions
For instance
s(x) y—x-y+y
Even(z) » Jy. =2y

Inferences performed modulo this congruence:
[B]

A C
J-e T A« 3z.D and B(L{y/x}D

Guillaume Burel: CSL 07, 2007-09-14 arfk‘ii Q
Unbounded Proof-Length Speed-up in Deduction Modulo 4/30 ,49‘1‘ = .



Motivations Deduction modulo
I —

Even(z) (i)

_ FEven(x - x)
= -l (i)

Even(x) = Even(x - x)

i
Vz. Even(z) = Even(z - )

Guillaume Burel: CSL 07, 2007-09-14 q‘fﬁaj %
Unbounded Proof-Length Speed-up in Deduction Modulo 5/30 k‘i‘ o 3 .



Motivations Deduction modulo
I —

Even(x) (i) (i) Even(z) «— Jy.z=2-y

J-e

_ FEven(x - x)
= -l ()

Even(x) = Even(x - x)

i
Vz. Even(z) = Even(z - )
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Motivations Deduction modulo
I —

Even(x) (i) x =2y (ii) (i) Even(z) < Jy. x=2-y

J-e

_ FEven(x - x)
= -l ()

Even(x) = Even(x - x)

i
Vz. Even(z) = Even(z - )
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Motivations Deduction modulo
I —

Even(x) (i) x =2y (i)
J-e (ii) x

Even(z) < Jy. x=2-y

_ FEven(x - x)
= -l (i)

Even(x) = Even(x - x)

i
Vx. Even(z) = Even(z - )
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Motivations Deduction modulo
I —

e Even(x) (i) x =2y (ii) i Even(z) %) W.r=2-y
i Bven(z-z)——Jy.z-2=2-y
Even(x - x)
= - (i)

Even(x) = Even(x - x)

i
Vz. Even(z) = Even(z - )
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Motivations Proof length in arithmetic

Arithmetic

First-order arithmetic:
0, s, +, -, induction principle

P(0) = (V. P(z) = P(s(x))) = Vz. P(x)
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Motivations Proof length in arithmetic

Arithmetic

First-order arithmetic:
0, s, +, -, induction principle

P(0) = (V. P(z) = P(s(x))) = Vz. P(x)

Second-order arithmetic:
sets of natural numbers, €, comprehension schema:

3S. Vn.n € S < P(n)
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Motivations Proof length in arithmetic

Arithmetic

First-order arithmetic:
0, s, +, -, induction principle

P(0) = (V. P(z) = P(s(x))) = Vz. P(x)

Second-order arithmetic:
sets of natural numbers, €, comprehension schema:

3S. Vn.n € S < P(n)

Possibility to prove stronger principles (e.g. transfinite
induction up to €p)
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Motivations Proof length in arithmetic

Theorem 1 (Buss (conjectured by Godel)).
Let i > 0. Then there is an infinite family F of H(l)—formu/ae
such that

1. forallpe F, Z; - ¢

2. there is a fixed k € N such that for all p € F,

ZiJrl k steps ¥
3. there is no fixed k € N such that for all ¢ € F,
Z; % steps ¥
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Motivations Proof length in arithmetic

Questions

Same proof length speed-up in deduction modulo ?
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Motivations Proof length in arithmetic

Questions

Same proof length speed-up in deduction modulo ?

Speed-up in arithmetic : due to computation or to deduction ?
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Speed-up in deduction modulo

Outline

m  Motivations
e Deduction modulo
e Proof length in arithmetic

m Speed-up in deduction modulo

m Speed-ups in arithmetic and computation
e Schematic systems
e Translations
e Speed-up

m Conclusion
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Speed-up in deduction modulo
I —

Reducing proof length in deduction modulo

“Hide" the computational part in the side conditions
= proofs are smaller

Take s(z) +y — = + s(y).

'Ttep n+n =mn+n in deduction modulo

Va y. s(z)+y = 2+5(y) Fomyseps 2t =1+ n in pure deduction

n) steps —=

n = s(s(--- (5(0))))
—_———

n times
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Speed-up in deduction modulo

Computational vs. deductive complexity

Do not suppress the complexity of the proofs, but separate it
between deduction and computation.
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Speed-up in deduction modulo

Computational vs. deductive complexity

Do not suppress the complexity of the proofs, but separate it
between deduction and computation.

computation vs. deduction

~ ~

verification vs. inference

Not acceptable: a rewrite system semi-deciding validity of
formulae

Here: finite, terminating, confluent, linear rewrite systems
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Speed-ups in arithmetic and computation

Outline

m Motivations
e Deduction modulo
e Proof length in arithmetic

m Speed-up in deduction modulo

m Speed-ups in arithmetic and computation
e Schematic systems
e Translations
e Speed-up

m Conclusion
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Speed-ups in arithmetic and computation

Sketch of proof

O(n)
Zi+1 Zz mod Rz
speedup (B?ss\ /eaﬁjtional speed-up
Zi
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Speed-ups in arithmetic and computation

Sketch of proof

O(n)
Zi—|—1 Zz mod Rz
speedup (B?ss\ /eaﬁjtional speed-up
Zi

But: Buss' theorem proved for schematic systems, deduction
modulo defined for natural deduction
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Speed-ups in arithmetic and computation Schematic systems
I —

Schematic systems

Buss theorem is true if proofs are done in
schematic systems

~ Hilbert-type systems

~ Frege systems

Guillaume Burel: CSL 07, 2007-09-14 drflﬁi ?
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Speed-ups in arithmetic and computation Schematic systems

Metaformulae

Definition 2 (Metaformula).
First-order signature +
» metavariables o (substituted by variables)
» term variables 7" (substituted by terms)

» formula variables A(z1,...,z,) (substituted by formulz)

Guillaume Burel: CSL 07, 2007-09-14 arfk‘ii Q
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Speed-ups in arithmetic and computation Schematic systems

Schematic System

Definition 3 (Schematic System).
Set of inference rules

A (0)

with ®1, ..., ®,, W metaformulze and C side-condition of the
form

o’ is not free in ®
77 is freely substitutable for o/ in ®

A proof consists of a sequence of formulae where each formula
is derived from earlier formulae by instantiating an inference

rule.
Guillaume Burel: . . CSL 07, 2007-09-14 ‘Lgrf[ﬁ: y
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Speed-ups in arithmetic and computation

Schematic systems

Schematic System for i*"-Order Arithmetic

» Axiom schemata for classical logic with equality:

A=B=A Val30. a® = 30 = A(a®) = A(B°)
» Inference rules for classical logic:

A= B A
B

Modus Ponens:

A= B(3) - _ . .
‘ — (37 is not free in A = Vo!. B(a’))
A= Val. B(od)

Guillaume Burel: CSL 07, 2007-09-14
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Speed-ups in arithmetic and computation Schematic systems

Schematic System for i"-Order Arithmetic (cont.)

» Robinson axioms: Va®. 0 + a® = a?,
Val30. s(al) 4+ 50 = s(a® + 39)

» Induction for all formulae of Z;:
A(0) = (VB°. A(B°) = A(s(8°))) = Val. A(a?)

» Comprehension schema: 3o/ *1. V3. fi € aitl < A(57)
provided o/T! is not free in A, for j < i

Guillaume Burel: CSL 07, 2007-09-14 arfk‘ii Q
Unbounded Proof-Length Speed-up in Deduction Modulo 18/30 ,49‘1‘ == .



Speed-ups in arithmetic and computation Schematic systems

Schematic System for i"-Order Arithmetic (cont.)

» Robinson axioms: Va®. 0 + a® = a?,
Val30. s(al) 4+ 50 = s(a® + 39)

» Induction for all formulae of Z;:
A(0) = (VB°. A(8°) = A(s(8°))) = Val. A(a?)

» Comprehension schema: Ja/*1. V3. §i € ad*t < A([7)
provided o/T! is not free in A, for j < i
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Speed-ups in arithmetic and computation Schematic systems

Notations

ZiB- P

P is provable in this schematic system in at most £ steps
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Speed-ups in arithmetic and computation Schematic systems

Notations

Z P P

P is provable in this schematic system in at most £ steps

Zi W P
P is provable in natural deduction using as assumptions

Robinson axioms and a finite number of instances of Leibniz’
equality, Induction and Comprehension schemata (for it"-order

arithmetic)
Guillaume Burel: ) . CSL 07, 2007-09-14 qLﬂri&i y
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Speed-ups in arithmetic and computation Schematic systems

Notations

Z P P

P is provable in this schematic system in at most £ steps

Z % P
P is provable in natural deduction using as assumptions
Robinson axioms and a finite number of instances of Leibniz’
equality, Induction and Comprehension schemata (for it"-order
arithmetic)

Zifr P
P is provable in natural deduction modulo R using the same

assumetions

Guillaume Burel: CSL 07, 2007-09-14 drflﬁ‘ y
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Speed-ups in arithmetic and computation

From Z; 2 to

Z; ®

classical logic

translated as in
[Gentzen, 1934]

Robinson axioms

kept as assumption

tion and
schemata

Leibniz' equality, induc-

comprehension

instances kept as assump-
tions (finite number in a
proof)

Guillaume Burel:
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Speed-ups in arithmetic and computation Translations

From Z; N to Z; 2

Quite similar to the translation of a A-term into a term of
combinatory logic

[@]
For instance . p ~ P P P=Q=P
= -1 m Q = P

if () is actually not used as assumption

Zif% P~ ZiBsary P

Guillaume Burel: CSL 07, 2007-09-14 arflﬁ‘} Q
Unbounded Proof-Length Speed-up in Deduction Modulo 21/30 ,441‘ S .



Speed-ups in arithmetic and computation

Translations

Simulating ¢ + 1%*-order using computations

Work of [F. Kirchner, 2006]:

Metaformula A(z1,...,x,) is replaced by a formula
(x1,...,T,) € C

c: some term representing the formula substituted for A
Forinstance: P = (z =0V 3dy. 2 €%y) ~

@ = =(1,5(0)) U P (é°(5(1),1))

Guillaume Burel: CSL 07, 2007-09-14 arfk‘ii Q
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Speed-ups in arithmetic and computation Translations

Rewriting classes
Terminating and confluent rewrite system:

tnilf — t I e &(ty, 1)

tmt — 4l € LI
VR -t le AUB — leAVieB
SI(n)[t =21 — n[lf le ANB — le ANleB
s(m)[]° — s(n[i]°) le ADB — leA=1leB
(tr +2)[1]° — ta[l]° + to[l]° leh) — L
(t1 x )[1]° — 1[1]° x 2[1]° le PI(A) — Fz.x:leA
le = (tl,tz) — t]_[l]O :tg[l]o l e C](A) — V. x iij le A
(ech = (e =(150)UP (EAS(1),1))
S:itlxlzs:redB::eoI;f-Length Speed-up in Deduction Modulo e 200772039/7;3 ,«‘mdri&i KQ



Speed-ups in arithmetic and computation Translations

I —
Rewriting classes
Terminating and confluent rewrite system:

tnilf — t I e &(ty, 1)

— tl[l]j Ej t2[l]j+1
V[t 1P — ¢t le AUB — leAVieB
Si)[t 2 1P — nfly le ANB — le ANl eB
s(m)[]° — s(n[i]°) le ADB — leA=1leB
(tr+0)[° — 4all]°+ t[l]° le — L
(t1 x )[1]° — 1[1]° x 2[1]° lePI(A) — Fz.x:ile A
le = (t1,t) — t[l]° = t,l]° leCi(A) — Vz.x:ile A
(ech = (e =(1,50)UP (EAS(1),1))
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Speed-ups in arithmetic and computation

Translations

Rewriting classes

Terminating and confluent rewrite system:

tnil)) — ¢
V[t 1P — ¢t
Si(n)[t 717 — n[l)
s()[I° — s(n[]]°)
(tl + tz)[l]o — tl[l]o + tz[l]o
(t1 x )[1]° — 1[1]° x 2[1]°
le = (tl,tz) — t]_[l]O = tg[l]o

{t)ech "= (t)e

leéj(tl,tz)
le AUB
le ANB
le ADB
lel

[ e Pi(A)
l e CI(A)

Lol bl

4]l €7 o1
le AVlie B
le ANleB
le A=1leB
1
Jr.z:ile A
Ve.x:dle A

= (1.SO) v {1) e P (£°(5(1).1))
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Speed-ups in arithmetic and computation

Translations

Rewriting classes

Terminating and confluent rewrite system:

tnil)) — ¢
V[t 1P — ¢t
Si(n)[t 717 — n[l)
s()° — s(n[l]%)
(tl + tz)[l]o — tl[l]o + tz[l]o
(t1 x )[1]° — 1[1]° x 2[1]°
le = (tl./tg) — t]_[l]O = tg[l]o

{t)ech "= (t)e

leéj(tl,tz)
le AUB
le ANB
le ADB
lel

[ e Pi(A)
l e CI(A)

Lol bl

4]l €7 o1
le Avlie B
le ANleB
le A=1leB
1
Jr.z:ile A
Ve.x:dle A

= (1,5(0)) V (t) e P (é“(S(l), 1))
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Speed-ups in arithmetic and computation

Translations

Rewriting classes

Terminating and confluent rewrite system:

tnil)) — ¢
V[t 1P — ¢t
Si(n)[t 717 — n[l)
s()[I° — s(n[]]°)
(tl + tz)[l]o — tl[l]o + tz[l]o
(t1 x )[1]° — 1[1]° x 2[1]°
le = (tl,tz) — t]_[l]O = tg[l]o

(t) € cp =10t = SO v (1) e P* (€°(5(1).1)

leéj(tl,tz)
le AUB
le ANB
le ADB
lel

[ e Pi(A)
l e CI(A)

Lol bl

N—

4]l €7 o1
le Avlie B
le ANleB
le A=1leB
1
Jr.z:ile A
Ve.x:dle A
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Speed-ups in arithmetic and computation

Translations

Rewriting classes

Terminating and confluent rewrite system:

tnil)) — ¢
V[t — ¢t
Si(n)[t 717 — n[l)
s> — s(n[ll°)
(tl + tz)[l]o — tl[l]o + tz[l]o
(t1 x )[1]° — 1[1]° x 2[1]°
le = (tl,tz) — t]_[l]O = tg[l]o

(t) € cp =101 = SO v (1) e P* (€°(5(1).1)

leéj(tl,tz)
le AUB
le ANB
le ADB
lel

[ e Pi(A)
l e CI(A)

Lol bl

N—

4]l €7 o1
le Avlie B
le ANleB
le A=1leB
1
Jr.z:ile A
Ve.x:dle A
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Speed-ups in arithmetic and computation

Translations

Rewriting classes

Terminating and confluent rewrite system:

tnil)) — ¢
V[t — ¢t
Si(n)[t 717 — n[l)
s()[I° — s(n[]]°)
(tl + tz)[l]o — tl[l]o + tz[l]o
(t1 x )[1]° — 1[1]° x 2[1]°
le = (tl,tz) — t]_[l]O = tg[l]o

leéj(tl,tz)
le AUB
le ANB
le ADB
lel

[ e Pi(A)
l e CI(A)

Lol bl

() e b 1 = S(0)[f] V (1) € P (é°(5(1), 1))

4]l €7 o1
le Avlie B
le ANleB
le A=1leB
1
Jr.z:ile A
Ve.x:dle A
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Speed-ups in arithmetic and computation

Translations

Rewriting classes

Terminating and confluent rewrite system:

tnil)) — ¢
V[t 1P — ¢t
Si(n)[t 717 — n[l)
s> — s(n[ll°)
(tl + tz)[l]o — tl[l]o + tz[l]o
(t1 x )[1]° — 1[1]° x 2[1]°
le = (tl,tz) — t]_[l]O = tg[l]o

leéj(tl,tz)
le AUB
le ANB
le ADB
lel

[ e Pi(A)
l e CI(A)

Lol bl

() e b st = S(0)[f] V (1) € P (é°(5(1), 1))

4]l €7 o1
le Avlie B
le ANleB
le A=1leB
1
Jr.z:ile A
Ve.x:dle A
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Speed-ups in arithmetic and computation Translations

Rewriting classes
Terminating and confluent rewrite system:

tnilf — t I e &(ty, 1)

— tl[l]j Ej t2[l]j+1
.lj[t::J:l]ji—>t ' le AUB — leAVieB
SI(n)[t 2 1) — nll) le ANB — le ANleB
s(m)[]° — s(n[i]°) le ADB — leA=1leB
(t1 + )[1]° — 1% + t2[1]° leh) — L
(t1 x )[1]° — 1[1]° x 2[1]° lePI(A) — Fz.x:ile A
le = (t1,t) — t[l]° = t,l]° leCi(A) — Vz.x:ile A
(t) e cp—t = 0[nil] v (t) e P (£%(5(1),1))
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Speed-ups in arithmetic and computation Translations

Rewriting classes
Terminating and confluent rewrite system:

t[ml]J — t le éj(tl,tz)

— tl[l]j Ej t2[l]j+1
.lj[t::J:l]ji—>t . le AUB — leAVieB
ST(n)[t 2 1) — n[l) le ANB — le ANleB
s(m)[]° — s(n[i]°) le ADB — leA=1leB
(t1 + )[1]° — 1% + t2[1]° leh) — L
(t1 x )[1]° — 1[1]° x 2[1]° lePI(A) — Fz.x:ile A
le = (t1,t) — t[l]° = t,l]° leCi(A) — Vz.x:ile A
(t) e cp—t = 0[nil] v (t) e P (£%(5(1),1))
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Speed-ups in arithmetic and computation

Translations

Rewriting classes

Terminating and confluent rewrite system:

tnal)) — ¢
V[t 1P — ¢t
Si(n)[t 717 — n[l)
s> — s(n[ll°)
(tl + tz)[l]o — tl[l]o + tz[l]o
(t1 x )[1]° — 1[1]° x 2[1]°
le = (tl,tz) — t]_[l]O = tg[l]o

leéj(tl,tz)
le AUB
le ANB
le ADB
lel

[ e Pi(A)
l e CI(A)

(t) e -t =0 v (1) e P (£(5(1),1))

Lol bl

4]l €7 o1
le Avlie B
le ANleB
le A=1leB
1
Jr.z:ile A
Ve.x:dle A
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Speed-ups in arithmetic and computation

Translations

Rewriting classes

Terminating and confluent rewrite system:

tnil)) — ¢
V[t 1P — ¢t
Si(n)[t 717 — n[l)
s> — s(n[ll°)
(tl + tz)[l]o — tl[l]o + tz[l]o
(t1 x )[1]° — 1[1]° x 2[1]°
le = (tl,tz) — t]_[l]O = tg[l]o

leéj(tl,tz)
le AUB
le ANB
le ADB
lel

l e PI(A)
l e CI(A)

() ech t=0V () e P (é°(5(1), 1))

Lol bl

4]l €7 o1
le Avlie B
le ANleB
le A=1leB
1
Jr.z:ile A
Ve.x:dle A
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Speed-ups in arithmetic and computation Translations

Rewriting classes
Terminating and confluent rewrite system:

tnilf — t I e &(ty, 1)

tmt — 4l € LI
VP -t le AUB — leAVieB
ST(n)[t 2 1) — n[l) le ANB — le ANleB
s(m)[]° — s(n[i]°) le ADB — leA=1leB
(t1 + )[1]° — 1% + t2[1]° leh) — L
(tl X t2)[l]0 — tl[l]o X tg[l]o l e P](A) — dz. x Iij le A
le = (t1,t) — t[l]° = t,l]° leCi(A) — Vz.x:ile A
tech ——t=0V Jy. (y:'t)e éO(S(l), 1)
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Speed-ups in arithmetic and computation Translations

Rewriting classes
Terminating and confluent rewrite system:

tnal)) — t e & (ty, 1)

— tl[l]j Ej t2[l]j+1
.lj[t::J:l]ji—>t . le AUB — leAVieB
ST(n)[t 2 1) — n[l) le ANB — le ANleB
s(m)[]° — s(n[i]°) le ADB — leA=1leB
(i +8)[]° — tll]°+t[1]° le — L
(t1 x )[1]° — 1[1]° x 2[1]° lePI(A) — Fz.x:ile A
le = (t1,t) — t[l]° = t,l]° leCi(A) — Vz.x:ile A
tech ——t=0V Jy. (y:*t)e éO(S(l), 1)
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Speed-ups in arithmetic and computation Translations

Rewriting classes
Terminating and confluent rewrite system:

tnilf — t I e &(ty, 1)

— tl[l]] < t2[l]j+1
.lj[t::J:l]ji—>t . le AUB — leAVieB
ST(n)[t 2 1) — n[l) le ANB — le ANleB
s(m)[]° — s(n[i]°) le ADB — leA=1leB
(t1+t2)[l]0 — tl[l]o+t2[l]0 le Q) — 1
(tl X tz)[l]o — tl[l]o X tz[l]o le 'P](A) — Jx.x:le A
le = (tl,tz) — t]_[l]O :tg[l]o l e C](A) — Vz. x iij le A
(t) € C?DLL‘ =0 Vv Jy. S(V[y == t] € L[y :: 1]
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Speed-ups in arithmetic and computation Translations

Rewriting classes
Terminating and confluent rewrite system:

tnilf — t I e &(ty, 1)

— tl[l]j Ej t2[l]j+1
‘lj[t::J:l]ji—>t . le AUB — leAVieB
ST(n)[t 7 1) — n[l) le ANB — le ANleB
s(m)[]° — s(n[i]°) le ADB — leA=1leB
(tl—l-tg)[l]o — tl[l]o+t2[l]0 l € @ — J_
(tl X tz)[l]o — tl[l]o X tz[l]o le 'P](A) — Jx.x:le A
le = (tl,tz) — t]_[l]O :tg[l]o l e C](A) — Vz. x iij le A
(t) € C?DLL‘ =0 Vv Jy. S(1)[y == t] € L[y :: 1]
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Speed-ups in arithmetic and computation

Translations

Rewriting classes

Terminating and confluent rewrite system:

tnil)) — ¢
V[t 1P — ¢t
Si(m)[t 717 — nll)
s()[I° — s(n[]]°)
(tl + tz)[l]o — tl[l]o + tz[l]o
(t1 x )[1]° — 1[1]° x 2[1]°
le = (tl,tz) — t]_[l]O = tg[l]o

leéj(tl,tz)
le AUB
le ANB
le ADB
lel

[ e Pi(A)
l e CI(A)

{ty ech ——t=0 Vv Jy. 1] € 1y :: 1]

Lol bl

4]l €7 o1
le Avlie B
le ANleB
le A=1leB
1
Jr.z:ile A
Ve.x:dle A
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Speed-ups in arithmetic and computation

Translations

Rewriting classes

Terminating and confluent rewrite system:

tnil)) — ¢
V[t — ¢t
Si(n)[t 717 — n[l)
s> — s(n[ll°)
(tl + tz)[l]o — tl[l]o + tz[l]o
(t1 x )[1]° — 1[1]° x 2[1]°
le = (tl,tz) — t]_[l]O = tg[l]o

leéj(tl,tz)
le AUB
le ANB
le ADB
lel

[ e Pi(A)
l e CI(A)

{ty ech ——t=0 Vv Jy. 1] € 1y :: 1]

Lol bl

4]l €7 o1
le Avlie B
le ANleB
le A=1leB
1
Jr.z:ile A
Ve.x:dle A
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Speed-ups in arithmetic and computation

Translations

Rewriting classes

Terminating and confluent rewrite system:

t[nal]?

V[t 1)
Si(n)[t =7 1]
s(n)[1]°

(t1 + t2)[1]°
(tl X tg)[l]o
le = (t]_,t2)

Lol

t

t

n[l)’

s(n[]°)
t1[1]° + ¢, [1]°
tl[l]o X tg[l]o
t1[1]° = t2[1]°

leéj(tl,tg)
le AUB
le ANB
le ADB
lel

[ e PI(A)
l e CI(A)

t)ech—t=0V Jy. tclly:t

Ll

tl[l]j < t2[l]j+1
le AVlieB
le ANleB
le A=1¢eB
1
Jz.x:dle A
Ve.z:ileA
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Speed-ups in arithmetic and computation

Translations

Rewriting classes

Terminating and confluent rewrite system:

t[nal]?

V[t 9 1)
Si(n)[t =7 1]
s(n)[I]°

(t1 + t2)[1]°
(tl X tg)[l]o
le = (t]_,t2)

Lol

t

t

n[l)’

s(n[]°)
t1[1]° + ¢, [1]°
tl[l]o X tg[l]o
t1[1]° = t2[1]°

leéj(tl,tg)
le AUB
le ANB
le ADB
lel

[ e PI(A)
l e CI(A)

t)ech—t=0V Jy. tclly:t

Ll

tl[l]j < t2[l]j+1
le AVlieB
le ANleB
le A=1¢eB
1
Jz.x:dle A
Ve.z:ileA
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Speed-ups in arithmetic and computation

Translations

Rewriting classes

Terminating and confluent rewrite system:

t[nal]?

V[t 1)
Si(n)[t =7 1]
s(n)[1]°

(t1 + t2)[1]°
(tl X tg)[l]o
le = (t]_,t2)

Lol

t

t

n[l)’

s(n[]°)
t1[1]° + ¢, [1]°
tl[l]o X tg[l]o
t1[1]° = t2[1]°

leéj(tl,tg)
le AUB
le ANB
le ADB
lel

[ e PI(A)
l e CI(A)

tech "5t=0V Jy.tcy

Ll

tl[l]j < t2[l]j+1
le AVlieB
le ANleB
le A=1¢eB
1
Jz.x:dle A
Ve.z:ileA
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Speed-ups in arithmetic and computation Translations

Rewriting classes
Terminating and confluent rewrite system:

tnal) — t e & (ty,t)

— — tl[l]j < t2[l]j+1
V[t — ¢t le AUB — leAVieB
Si(n)[t 717 — n[l)? le ANB — le ANl eB
s(n)[l]° — s(n[l]°) le ADB — leA=1leB
(t1+t2)[l]0 — tl[l]0+t2[l]0 l € @ — J_
(tr x 6)[1]° — t1[1]° x to[1]° lePi(A) — Jz.x:9leA
le = (t1,t2) — t[l]° = t,[I]° leCi(A) - Vo.x:7leA
tYech —=t=0V Jy.tcy = {t/a}P
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Speed-ups in arithmetic and computation Translations

From axiom schemata to axioms
The instance of the induction schema
P(0) = (V8°. P(8°) = P(s(8%))) = Va°. P(a°)

becomes

VA€.{0) € A© = (Vﬁo. (8% € ¢ = (s(B%) € 7°) = val. (a®) e 4¢ (1A)

V-
) P(0) = (V8% P(8°) = P(s(8%))) = Val. P(a?)
(for all £, (t) € cpy,y — P(t))
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Speed-ups in arithmetic and computation Translations

From axiom schemata to axioms

The instance of the induction schema
P(0) = (V8°. P(8°) = P(s(8%))) = Va°. P(a°)
becomes

VA€.{0) € A© = (Vﬁo. (8% € ¢ = (s(B%) € 7°) = val. (a®) e 4¢ (1A)

P(0) = (V8% P(8°) = P(s(8%))) = Val. P(a?)
(for all £, (t) € cpy,y — P(t))

V-e

New axioms [ replacing the axiom schemata for Leibniz' equality,
induction and comprehension
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Speed-ups in arithmetic and computation Translations

7

From Z; 1 2 to Z; I—NR

Instance of axiom schemata for 7 + 15t-order arithmetic can be
simulated by axioms, using the modulo.

Zz’—i-l'S_k P~ Zi,HNO_(k)R, P
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Speed-ups in arithmetic and computation Translations

From Z@+1 to Z

Z

Instance of axiom schemata for 7 + 15t-order arithmetic can be
simulated by axioms, using the modulo.

Zi+1|s_k P~ Zi,HNO_(k)R, P

also for natural deduction:

Theorem 4.

For all i > 0, there exists a (finite terminating confluent linear)
rewrite system R; and a finite set of axioms [ such that for all
formule P, if Z; ., I— P then Z;, T 'W P.
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Speed-ups in arithmetic and computation Speed-up

Adding computation creates a speed-up

Theorem 5.
For all i > 0, there is a (finite terminating confluent linear)
rewrite system R; such that there is an infinite family F such
that

1. forall P e F, ZiiN P

2. there is a fixed k € N such that for all P € F,

N
Zi k steps R, P
3. there is no fixed k € N such that for all P € F,
N
Zi k steps P
Guillaume Burel: CSL 07, 2007-09-14
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Speed-ups in arithmetic and computation Speed-up
I —

Proof.
P=I=P
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Speed-ups in arithmetic and computation Speed-up
I —

Proof.
P=I=P

Zip1 B P
Theo. 1 I

Z,B—pP

Guillaume Burel: CSL 07, 2007-09-14 gz S
27/30 dzdﬂﬁj 52,

Unbounded Proof-Length Speed-up in Deduction Modulo e



Speed-ups in arithmetic and computation Speed-up

ZinB P o~ ZTlee P
Theo. 1 I
ZiP— P
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Speed-ups in arithmetic and computation Speed-up

Zi—l—l'S_kP ~ Zi,mN?RiP ~ Zi|’\_IK__|_3R, P
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Speed-ups in arithmetic and computation Speed-up
I —

Proof.
P=I=P

Zz’—l—l'S_kP ~ Zi,mN?RiP ~ Zi|’\_IK__|_3R, P

Theo. 1 I

ZiB—pr ZN— p
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Speed-ups in arithmetic and computation Speed-up
I —

Proof.
P=I=P

Zz’—l—l'S_kP ~ Zi,mN?RiP ~ Zi|’\_IK__|_3R, P

Theo. 1 I

Zit—r ~ zIN_p
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Speed-ups in arithmetic and computation Speed-up
I —

Proof.
P=I=P

Zz’—l—l'S_kP ~ Zi,mN?RiP ~ Zi|’\_IK__|_3R, P’

Theo. 1 I

Zit—r ~ zIN—p ~ zNp
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Speed-ups in arithmetic and computation Speed-up
I —

Proof.
P=I=P

Zz’—l—l'S_kP ~ Zi,mN?RiP ~ Zi|’\_IK__|_3R, P’

Theo. 1 I

zZe—pr ~ zT—p ~ ZHNP
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Speed-ups in arithmetic and computation Speed-up
I —

Proof.
P=I=P

Zz’—l—l'S_kP ~ Zi,mN?RiP ~ Zi|’\_IK__|_3R, P’

Theo. 1 I

Zip—pP ~ Z, T8z P ~ Z#&P
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Speed-ups in arithmetic and computation Speed-up
I —

Proof.
P=I=P

Zint P o~ ZyTlen P~ Zilem P

K+3 R,
Theo.lI
ZiPgm P X ZyTEmP ~ Z P

Guillaume Burel: CSL 07, 2007-09-14 Ldrﬁé{j & ?/,
Unbounded Proof-Length Speed-up in Deduction Modulo 27/30 ﬂé o 3 "



Speed-ups in arithmetic and computation Speed-up
I —

Proof.
P=I=P

Zint P o~ ZyTlen P~ Zilem P

K+3 R,
Theo.lI
S N N
Zi¥gm P X ZTRm P o~ Z P
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Speed-ups in arithmetic and computation Speed-up
I —

Proof.
P=I=P

Zint P o~ ZyTlen P~ Zilem P

K+3Ri
Theo.lI
S N N
Zi¥gm P X ZiTlgz P o~ Zi P
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Conclusion
=

Difference between i + 1- and i*"-order arithmetic : expressed
as a confluent and terminating rewrite system

The length of the deductive part of the proofs remains the
same
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Conclusion

Difference between i + 1%t- and itM-order arithmetic : expressed
as a confluent and terminating rewrite system
The length of the deductive part of the proofs remains the

Same

°") . 7 mod R,

Zit1

computational speed-up
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Conclusion

Difference between i + 1%- and i*"-order arithmetic : expressed
as a confluent and terminating rewrite system
The length of the deductive part of the proofs remains the

same
O(n)
Ziy1 Z; mod R;
\ /wm:nal speed-up
Z+ T,
speedup (Buss)T
Z;
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Conclusion
=

Perspectives

It is possible to give a full axiomatization of higher-order
arithmetic entirely as a theory modulo
(http://www.loria.fr/~burel/download/hhamod.pdf)
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Conclusion
=

Perspectives

It is possible to give a full axiomatization of higher-order
arithmetic entirely as a theory modulo
(http://www.loria.fr/~burel/download/hhamod.pdf)

Next step: difference between higher-order logic and first-order

logic modulo
HOL  simulated by HOL-A\o [Dowek et al., 2001]

every PTS : AN modulo [D. Cousineau et al., 2007]
Al " FOL modulo [Work in progress|
Guillaume Burel: CSL 07, 2007-09-14 23] S
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