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Introduction Logical Frameworks

Definition

[Pfenning, 1996]:
“A logical framework is a meta-language for the specification
of deductive systems.”

The canonical logical framework is the one from Edinburgh
[Harper et al., 1993].
Based on the λ-calculus with dependent types: λP or λΠ
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Introduction Logical Frameworks

Example

First-order natural deduction in ELF:

ι : ∗
o : ∗
¬̇ : o⇒ o
⇒̇ : o⇒ o⇒ o

∀̇ : (ι⇒ o)⇒ o

|∀x. φ|` = (∀̇ λx : ι |φ|x::`)

true : o⇒ ∗
∀I : Πf : ι⇒ o (Πx : ι (true (f x)))⇒ (true (∀̇ λx : ι (f x)))
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Introduction Superdeduction

Superdeduction

Opposite approach to LF
From (the presentation of) a theory is computed a deductive
system
Example:
∀a b. a ⊆ b⇔ (∀x. x ∈ a⇒ x ∈ b)

Γ, x ∈ a ` x ∈ b⊆df
I

x not
free in ΓΓ ` a ⊆ b

Γ ` a ⊆ b Γ ` t ∈ a⊆df
E Γ ` t ∈ b
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Introduction Superdeduction

Superdeduction as a Logical Framework

But superdeduction can be seen as a LF:
From a deductive system, find a first-order theory such that
the superdeductive system corresponds to it
Already done for HOL [Dowek et al., 2001]
Here: for functional Pure Type Systems
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Introduction Superdeduction

PTS in superdeduction

I Show that superdeduction is expressive as a logical
framework

I Apply well-studied first-order methods to PTS
(see also [Stehr and Meseguer, 2004])

I Cooperation between proof assistants

I New approach to normalization in PTS ?
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Introduction Superdeduction

Coq

[Sacerdoti Coen and Kirchner, 2006]

Fellowship FO sequent calculus

[Cousineau and Dowek, 2007]

Europa λΠ-calculus modulo

· · ·HOLPVSCiC
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Introduction Superdeduction

?

[Sacerdoti Coen and Kirchner, 2006]

Fellowship FO sequent calculus

[Cousineau and Dowek, 2007]

Europa λΠ-calculus modulo

· · ·HOLPVSCiCCoq
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Introduction Superdeduction

Supernatural deduction

Europa λΠ-calculus modulo

HOLPVSCiCCoq

[Cousineau and Dowek, 2007]
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Introduction Superdeduction

Supernatural deduction

Europa λΠ-calculus modulo
[Gentzen, 1934]

+

[Wack, 2006]

HOLPVSCiCCoq

[Cousineau and Dowek, 2007]

Fellowship FO sequent calculus

· · ·

[Sacerdoti Coen and Kirchner, 2006]
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Introduction Superdeduction

Lemuridæ Intuitionistic Super Sequent Calculus

Supernatural deduction

Europa λΠ-calculus modulo
[Gentzen, 1934]

+

[Wack, 2006]

HOLPVSCiCCoq

[Cousineau and Dowek, 2007]

[Sacerdoti Coen and Kirchner, 2006]

Fellowship FO sequent calculus

· · ·
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Natural Superdeduction

Outline
� Introduction
• Logical Frameworks
• Superdeduction

� Natural Superdeduction
� Pure Type Systems
� PTS in Supernatural Deduction
• Encoding
• Resulting System
• Soundness and conservativeness

� Normalization
• Proof terms
• Equivalence of reductions ?

� Conclusion
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Natural Superdeduction

Input theory

A first-order theory, presented as a rewrite system whose rules

I rewrite terms to terms

I or rewrite atomic propositions to first-order formulæ

Examples:
x + s(y)→ s(x + y)

Singleton(p)→ ∀x, ∀y, x ∈ p⇒ y ∈ p⇒ x = y
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Natural Superdeduction

Computing introduction rules

Proposition rewrite rule A→ P :
Apply all possible introduction rules to P
Create a new inference rule with A as conclusion and the open
leaves as premises
Keep the side-conditions (freshness)
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Natural Superdeduction

Example

Singleton(p)→ ∀x, ∀y, x ∈ p⇒ y ∈ p⇒ x = y

Γ, x ∈ p, y ∈ p ` x = y⇒I
Γ, x ∈ p ` y ∈ p⇒ x = y⇒I

Γ ` x ∈ p⇒ y ∈ p⇒ x = y∀I y not free in Γ

Γ ` ∀y, x ∈ p⇒ y ∈ p⇒ x = y∀I x not free in Γ

Γ ` ∀x, ∀y, x ∈ p⇒ y ∈ p⇒ x = y

Γ, x ∈ p, y ∈ p `+x = y
Singldef

I
x not free in Γ
y not free in Γ

Γ `+Singleton(p)
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Natural Superdeduction

Computing elimination rules

Proposition rewrite rule A→ P :
Apply all possible elimination rules to P , keeping new
assumptions
Create a new inference rule with A as first premise, the other
open leaves as premises, and the same conclusion
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Natural Superdeduction

Example

Singleton(p)→ ∀x, ∀y, x ∈ p⇒ y ∈ p⇒ x = y
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Natural Superdeduction

Equivalence

All inference rules (new and logical) are applied modulo the
term rewrite system

Proposition 1 ([Wack, 2006]).
For a theory T corresponding to the considered rewrite system,

T ` P iff `+P

For P (x)→ Q(x), theory: ∀x, P (x)⇔ Q(x)
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Pure Type Systems

Outline
� Introduction
• Logical Frameworks
• Superdeduction

� Natural Superdeduction
� Pure Type Systems
� PTS in Supernatural Deduction
• Encoding
• Resulting System
• Soundness and conservativeness

� Normalization
• Proof terms
• Equivalence of reductions ?

� Conclusion
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Pure Type Systems

Pure type systems

I A set of sorts S
I A binary relation A ⊆ S × S (axioms)

I A trinary relation R ⊆ S × S × S (rules)

Functional PTS: A and R defines (partial) functions from S
and S × S to S
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Pure Type Systems

Typing system

Empty
[] well-formed

Γ P̀TS A : s
Declaration s ∈ S and x not in Γ

Γ[x : A] well-formed

Γ well-formed
Sort 〈s1, s2〉 ∈ AΓ P̀TS s1 : s2

Γ well-formed x : A ∈ Γ
Variable

Γ P̀TS x : A
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Pure Type Systems

Typing system (cont.)

Γ P̀TS A : s1 Γ[x : A] P̀TS B : s2
Product 〈s1, s2, s3〉 ∈ RΓ P̀TS Πx : A B : s3

Γ P̀TS T : Πx : A B Γ P̀TS U : A
Application

Γ P̀TS (T U) : {U/x}B

Γ P̀TS Πx : A B : s Γ[x : A] P̀TS T : B
Abstraction

Γ P̀TS λx : A T : Πx : A B

Γ P̀TS T : A Γ P̀TS B : s
Conversion s ∈ S and A

∗←→βB
Γ P̀TS T : B
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PTS in Supernatural Deduction

Outline
� Introduction
• Logical Frameworks
• Superdeduction

� Natural Superdeduction
� Pure Type Systems
� PTS in Supernatural Deduction
• Encoding
• Resulting System
• Soundness and conservativeness

� Normalization
• Proof terms
• Equivalence of reductions ?

� Conclusion
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PTS in Supernatural Deduction Encoding

First-order syntax

Constant s for each sort s ∈ S
Function symbol π̇〈s1,s2,s3〉 for each rule 〈s1, s2, s3〉 ∈ R
λ-calculus with explicit substitutions λW following a
scheme [Kesner, 2000] ensuring its confluence
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PTS in Supernatural Deduction Encoding

Translations of terms

I |x|`1::x::`2
def
= `1 + 1 if x 6∈ `1

I |x|`
def
= x [shift]` if x 6∈ `

I |s|`
def
= s

I |λx : A t|`
def
= λ|t|x::`

I |Πx : A B|Γ`
def

= π̇〈s1,s2,s3〉

(
|A|Γ` , |B|

Γ[x:A]
x::`

)
where

• s1 corresponds the type of A in Γ
• s2 the type of B in Γ[x : A]
• 〈s1, s2, s3〉 ∈ R
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PTS in Supernatural Deduction Encoding

First-order theory
Rules on terms: λW +

s [t] → s

π̇〈s1,s2,s3〉 (a, b) [s] → π̇〈s1,s2,s3〉 (a [s] , b [lift(s)])

Rules on propositions:

ε (s1, s2) → > (〈s1, s2〉 ∈ A) (1)

ε
(
π̇〈s1,s2,s3〉 (a, b) , s3

)
→ ε (a, s1) ∧ (2)

∀z. ε (z, a)⇒ ε (b [cons(z)] , s2)

ε
(
t, π̇〈s1,s2,s3〉 (a, b)

)
→ ε

(
π̇〈s1,s2,s3〉 (a, b) , s3

)
∧ (3)

∀z. ε (z, a)⇒ ε (t z, b [cons(z)])
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PTS in Supernatural Deduction Resulting System

ε (s1, s2) → > (1)

(1)I

Γ `+ε (s1, s2)

Γ well-formed
Sort

Γ P̀TS s1 : s2
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PTS in Supernatural Deduction Resulting System

ε
(
π̇〈s1,s2,s3〉 (a, b) , s3

)
→ ε (a, s1) ∧ (2)

∀z. ε (z, a)⇒ ε (b [cons(z)] , s2)

Γ `+ε (a, s1) Γ, ε (z, a) `+ε (b [cons(z)] , s2)
(2)I z not free in Γ

Γ `+ε
(
π̇〈s1,s2,s3〉 (a, b) , s3

)
Γ P̀TS A : s1 Γ[x : A] P̀TS B : s2

Product 〈s1, s2, s3〉 ∈ RΓ P̀TS Πx : A B : s3
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PTS in Supernatural Deduction Resulting System

ε
(
π̇〈s1,s2,s3〉 (a, b) , s3

)
→ ε (a, s1) ∧ (2)

∀z. ε (z, a)⇒ ε (b [cons(z)] , s2)

Γ `+ε
(
π̇〈s1,s2,s3〉 (a, b) , s3

)
(2)E1

Γ `+ε (a, s1)

No corresponding inference rule in the PTS
Conservative because if π̇〈s1,s2,s3〉 (a, b) is the translation of
some PTS term Πx : A B, then A has type s1
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PTS in Supernatural Deduction Resulting System

ε
(
π̇〈s1,s2,s3〉 (a, b) , s3

)
→ ε (a, s1) ∧ (2)

∀z. ε (z, a)⇒ ε (b [cons(z)] , s2)

Γ `+ε
(
π̇〈s1,s2,s3〉 (a, b) , s3

)
Γ `+ε (u, a)

(2)E2

Γ `+ε (b [cons(u)] , s2)

No corresponding inference rule in the PTS
Conservative because π̇〈s1,s2,s3〉 (a, b) is the translation of some
PTS term Πx : A B, then B has type s2 in Γ[x : A] and by
substitution Γ P̀TS {U/x}B : s2
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PTS in Supernatural Deduction Resulting System

ε
(
t, π̇〈s1,s2,s3〉 (a, b)

)
→ ε

(
π̇〈s1,s2,s3〉 (a, b) , s3

)
∧ (3)

∀z. ε (z, a)⇒ ε (t z, b [cons(z)])

Γ `+ε
(
π̇〈s1,s2,s3〉 (a, b) , s3

)
Γ, ε (z, a) `+ε (t z, b [cons(z)])

(3)I

Γ `+ε
(
t, π̇〈s1,s2,s3〉 (a, b)

)
Γ P̀TS Πx : A B : s3 Γ[x : A] P̀TS T : B

Abstraction
Γ P̀TS λx : A T : Πx : A B

Need for subject reduction for η
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PTS in Supernatural Deduction Resulting System

ε
(
t, π̇〈s1,s2,s3〉 (a, b)

)
→ ε

(
π̇〈s1,s2,s3〉 (a, b) , s3

)
∧ (3)

∀z. ε (z, a)⇒ ε (t z, b [cons(z)])

Γ `+ε
(
t, π̇〈s1,s2,s3〉 (a, b)

)
(3)E1

Γ `+ε
(
π̇〈s1,s2,s3〉 (a, b) , s3

)
No corresponding inference rule in the PTS
Conservative because if π̇〈s1,s2,s3〉 (a, b) is the translation of
some PTS term Πx : A B, then A has type s1 in Γ, B has
type s2 in Γ[x : A], hence Πx : A B has type s3
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PTS in Supernatural Deduction Resulting System

ε
(
t, π̇〈s1,s2,s3〉 (a, b)

)
→ ε

(
π̇〈s1,s2,s3〉 (a, b) , s3

)
∧ (3)

∀z. ε (z, a)⇒ ε (t z, b [cons(z)])

Γ `+ε
(
t, π̇〈s1,s2,s3〉 (a, b)

)
Γ `+ε (u, a)

(3)E2

Γ `+ε (t u, b [cons(u)])

Γ P̀TS T : Πx : A B Γ P̀TS U : A
Application

Γ P̀TS (T U) : {U/x}B
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PTS in Supernatural Deduction Soundness and conservativeness

Soundness

Theorem 2.
For all contexts Γ, for all PTS terms A and B, if Γ P̀TS A : B

then |Γ| `+ε (|A|, |B|).
Remaining inference rules:

I Variable: through Axiom

I Conversion: modulo the term rewrite system
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PTS in Supernatural Deduction Soundness and conservativeness

Conservativeness

Theorem 3.
For all well-formed contexts Γ, for all terms a, b,
if |Γ| `+ε (a, b) then there exists A and B such that

I a
∗−→|A|Γ

I b
∗−→|B|Γ

I Γ P̀TS A : B
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Normalization

Outline
� Introduction
• Logical Frameworks
• Superdeduction

� Natural Superdeduction
� Pure Type Systems
� PTS in Supernatural Deduction
• Encoding
• Resulting System
• Soundness and conservativeness

� Normalization
• Proof terms
• Equivalence of reductions ?

� Conclusion

Guillaume Burel: GEOCAL/LAC, 2008-03-07

Superdeduction as a Logical Framework 32/40



Normalization Proof terms

Proof terms

Proof terms for superdeduction are particular ρ-terms
In this case, we need function symbols R1, R2 and R3

(1)I

Γ `+R1 : ε (s1, s2)
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Normalization Proof terms

Proof terms for (2)

Γ `+M : ε (a, s1) Γ, α : ε (z, a) `+N : ε (b [cons(z)] , s2)
(2)I

Γ `+λR2(z, α, y). y〈M, N〉 : ε
(
π̇〈s1,s2,s3〉 (a, b) , s3

)
Γ `+M : ε

(
π̇〈s1,s2,s3〉 (a, b) , s3

)
(2)E1

Γ `+M R2(z, α, λ〈x, y〉. x) : ε (a, s1)

Γ `+M : ε
(
π̇〈s1,s2,s3〉 (a, b) , s3

)
Γ `+N : ε (u, a)

(2)E2

Γ `+M R2(u, N, λ〈x, y〉. y) : ε (b [cons(u)] , s2)
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Normalization Proof terms

Proof terms for (3)

Γ `+M : ε
(
π̇〈s1,s2,s3〉 (a, b) , s3

)
Γ, α : ε (z, a) `+N : ε (t z, b [cons(z)])

(3)I

Γ `+λR3(z, α, y). y〈M, N〉 : ε
(
t, π̇〈s1,s2,s3〉 (a, b)

)
Γ `+M : ε

(
t, π̇〈s1,s2,s3〉 (a, b)

)
(3)E1

Γ `+M R3(z, α, λ〈x, y〉. x) : ε
(
π̇〈s1,s2,s3〉 (a, b) , s3

)
Γ `+M : ε

(
t, π̇〈s1,s2,s3〉 (a, b)

)
Γ `+N : ε (u, a)

(3)E2

Γ `+M R3(u, N, λ〈x, y〉. y) : ε (t u, b [cons(u)])
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Normalization Equivalence of reductions ?

Reductions

(λx. T U)−→
β
{U/x}T

(λR3(z, α, y). y〈T1, T2〉) R3(u, N, λ〈x, y〉. y)
2−→
ρ
{u/z}{N/α}T2

What about other ρ-reductions ?
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Normalization Equivalence of reductions ?

Conjecture

Conjecture 1.
A PTS is strongly normalizing iff the superdeductive system
associated with it is.

Proposition 4.
A PTS is strongly normalizing if the superdeductive system
associated with it is.

Allow to use normalization methods for deduction modulo
(premodel, superconsistency)
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Conclusion

Conclusion

Quite natural encoding of functional PTS into supernatural
deduction

Valid typing judgments = (reducts of) provable sequents

Type checking = proof search
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Conclusion

Perspectives

I Add new rules to check wellformedness of contexts (or
pass the context into the term and type)

I Normalization:

• Prove conjecture
• Look at superconsistency

I Add inductive types: as in CAC ?

I Add subtyping as in PVS

I Modify Lemuridæ to deal with intuitionistic logic

I Encode more deductive systems using superdeduction:
superdeduction as a logical framework
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