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Introduction Logical Frameworks

Definition

[Pfenning, 1996]:
“A logical framework is a meta-language for the specification
of deductive systems.”
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Introduction Logical Frameworks

Definition

[Pfenning, 1996]:
“A logical framework is a meta-language for the specification
of deductive systems.”

The canonical logical framework is the one from Edinburgh
[Harper et al., 1993].
Based on the A-calculus with dependent types: AP or AII
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Introduction Logical Frameworks
I EEEEEEE———

Example

First-order natural deduction in ELF:

Lok
0: %

“10=0
=:0=>0=0
V:(t=0)=o0
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Introduction Logical Frameworks
I EEEEEEE———

Example

First-order natural deduction in ELF:

Lok
0 *
S:0=o0
=:0=>0=0
V:(t=0)=o0

V. ¢l = (V AT 20| Blae)
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Introduction Logical Frameworks
I EEEEEEE———

Example

First-order natural deduction in ELF:

Lok
0 *
S:0=o0
=:0=>0=0
V:(t=0)=o0

V. ¢l = (V AT 20| Blae)

true : 0 = *

Vi If i o= 0 (z: o (true (f x))) = (true (‘v’ Ar o (f x)))
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|ntr0d uction Superdeduction
I EEEEEEE———

Superdeduction

Opposite approach to LF

From (the presentation of) a theory is computed a deductive
system

Example:

Vab.aCbs (Vr.x €a=x €D)

'zeabx€b 4ot CdfFI—agb 'tea

- .
=1 [haCp freeinl  =E THteb
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|ntr0d uction Superdeduction

Superdeduction as a Logical Framework

But superdeduction can be seen as a LF:

From a deductive system, find a first-order theory such that
the superdeductive system corresponds to it

Already done for HOL [Dowek et al., 2001]

Here: for functional Pure Type Systems
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Introduction Superdeduction

PTS in superdeduction

» Show that superdeduction is expressive as a logical
framework

» Apply well-studied first-order methods to PTS
(see also [Stehr and Meseguer, 2004])

» Cooperation between proof assistants

» New approach to normalization in PTS ?
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|ntr0d uction Superdeduction

(Fellowshlp | FO sequent calculus

[Sacerdoti Coen and Kirchner, 2006] \x

(Coq | CiC PVS HOL)

[Cousineau and Dowek, 2007] //

(Europa | All-calculus modulo
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|ntr0d uction Superdeduction

(Fellowshlp | FO sequent calculus

[Sacerdoti Coen and Kirchner, 2006] \x

(Coq | CiC PVS HOL)

[Cousineau and Dowek, 2007] //
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|ntr0d uction Superdeduction

(Fellowship | FO sequent calculus)

[Sacerdoti Coen and Kirchner, 2006] \x

(coq | cic ) (pvs | not

7 <
[Cousineau and Dowek, 2007] /
(Europa | All-calculus modulo)

(Supernatural deduction )

Guillaume Burel: GEOCAL/LAC, 2008-03-07
Superdeduction as a Logical Framework 7/40

Laﬁg NancyUniversité



|ntr0d uction Superdeduction

(Fellowship | FO sequent calculus

[Sacerdoti Coen and Kirchner, 2006] \x

(coq | cic ) (pvs | not

7 <
[Cousineau and Dowek, 2007] /
(Europa | All-calculus modulo)

(Supernatural deduction

[Wack, 2006]
+
[Gentzen, 1934]
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|ntr0d uction Superdeduction

(Fellowship | FO sequent calculus

[Sacerdoti Coen and Kirchner, 2006] \x

(coq | cic ) (pvs | not

7 <
[Cousineau and Dowek, 2007] /
(Europa | All-calculus modulo)

(Supernatural deduction

[Wack, 2006]
+
[Gentzen, 1934]

(Lemuridaa | Intuitionistic Super Sequent Calculus )

Guillaume Burel: GEOCAL/LAC, 2008-03-07
Superdeduction as a Logical Framework 7/40

Laﬁg NancyUniversité



Natural Superdeduction

Qutline
m [ntroduction
e Logical Frameworks
e Superdeduction
m Natural Superdeduction
m Pure Type Systems
m PTS in Supernatural Deduction
e Encoding
e Resulting System
e Soundness and conservativeness
m  Normalization
e Proof terms
e Equivalence of reductions 7

m Conclusion

e
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Natural Superdeduction
I EEEEEEE———

Input theory

A first-order theory, presented as a rewrite system whose rules
> rewrite terms to terms

> or rewrite atomic propositions to first-order formulae

Examples:
r+s(y) — s(zr+y)

Singleton(p) — Vx, Yy, t€Ep=>yEp=>a=1y
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Natural Superdeduction

Computing introduction rules

Proposition rewrite rule A — P:

Apply all possible introduction rules to P

Create a new inference rule with A as conclusion and the open
leaves as premises

Keep the side-conditions (freshness)
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Natural Superdeduction
I EEEEEEE———

Example
Singleton(p) — Vx, Yy, t€Ep=>yEp=>a=1y

, Neepyeprr=y
NxeprFyep=x=y
'Frxep=yep=ax=y

v[ y not free in T'
'Yy, xep=yep=>ac=y
VI x not free in T’

'EVe, Vy, zep=>yep=>x=y

=

=TI
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Natural Superdeduction
I EEEEEEE———

Example
Singleton(p) — Vx, Yy, t€Ep=>yEp=>a=1y

NzepyepkFar=y
NzeprFyep=z=y
I'Frep=yep=>r=y

v[ y not free in T'
'Yy, xep=>yep=>ar=y
VI x not free in T’

'V, Vy, rep=yep=>ac=y

=7

=TI

ldef Fx€p7y€pl_x_y x not free in "

S?,ng y not free in I’
T Singleton(p)
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Natural Superdeduction

Computing elimination rules

Proposition rewrite rule A — P:

Apply all possible elimination rules to P, keeping new
assumptions

Create a new inference rule with A as first premise, the other
open leaves as premises, and the same conclusion
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Natural Superdeduction
I EEEEEEE———

Example
Singleton(p) — Vz, Yy, t€Ep=>yEp=>a=1y

'-Ve, Yy, rep=>yep=>ax=y

'Yy, tep=yep=>t=y

'Ftep=uep=>t=u 'Ftep

EFI—uEp:>t:u F'Fuep
I'kFt=u

Ve
Ve
=E

=
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Natural Superdeduction
I EEEEEEE———

Example
Singleton(p) — Vz, Yy, t€Ep=>yEp=>a=1y

'-Ve, Yy, rep=>yep=>ax=y

:E 'Yy, tep=yecp=>t=y
:>EF|—t€p:>uEp:>t—u I'Htep
—p '~ruep=t=u F'Fuep
'Ht=u
def FljSingleton(p) Flthp FljuEp
Singlss

I‘Ijt:u
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Natural Superdeduction

Equivalence

All inference rules (new and logical) are applied modulo the
term rewrite system

Proposition 1 ([Wack, 2006]).

For a theory T corresponding to the considered rewrite system,

THPIff P

For P(z) — Q(z), theory: Vz, P(x) < Q(x)
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Pure Type Systems

Qutline
m [ntroduction
e Logical Frameworks
e Superdeduction
m Natural Superdeduction
m Pure Type Systems
m PTS in Supernatural Deduction
e Encoding
e Resulting System
e Soundness and conservativeness
m  Normalization
e Proof terms
e Equivalence of reductions 7

m Conclusion
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Pure Type Systems

Pure type systems

> A set of sorts S
» A binary relation A C S x S (axioms)
» A trinary relation R C S x S x S (rules)

Functional PTS: A and R defines (partial) functions from S
andSxStoS
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Pure Type Systems

Typing system

Empt
mPYY ] well-formed
[ As

Declaration se€Sand znotinl

I'[z : A] well-formed

Sort I‘Fv;fall—formed (s1,89) € A

pTS 51 * 52

T" well-formed z:Ael

FI—PTSx A

Variable
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Pure Type Systems

Typing system (cont.)

[ Ay [lz: Al K

PTS
[l : A B sy

FI—PTST:Hx:AB 'L .U: A

PTS
[ b (T U) : {U/2}B

o AB:s  To: Al T:B

FI—PTS)\x:AT:Hx:AB

BISQ

Product (s1,82,83) ER

Application

Abstraction

FI—PTST:A FI—PTSB:S

r I—PTST : B

Conversion s€ S and A—"4zB
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PTS in Supernatural Deduction

Outline
m [ntroduction
e Logical Frameworks
e Superdeduction
m Natural Superdeduction
m Pure Type Systems
m PTS in Supernatural Deduction
e Encoding
e Resulting System
e Soundness and conservativeness
m  Normalization
e Proof terms
e Equivalence of reductions 7

m Conclusion

I EEEEEEE———
Guillaume Burel: GEOCAL/LAC, 2008-03-07 Wﬁh Nancy:Université
Superdeduction as a Logical Framework 19/40 S,



PTS in Supernatural Deduction Encoding
I EEEEEEE———

First-order syntax

Constant s for each sort s € S

Function symbol 7, s, s,y for each rule (s, s5,53) € R
A-calculus with explicit substitutions Ay, following a
scheme [Kesner, 2000] ensuring its confluence
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PTS in Supernatural Deduction Encoding

Translations of terms

> |$|€1::x::€2 d:m( E+ 1ifx € gl
> |zl La[shift] ifx gl
def
> |sle=s
> |)\3§' cA t‘g “ )\’t|m;;g
Mz : A B|F £ 4 AL, |BE=AT) wh
> T - 81782783> 67 .CL':ZE w ere
e 31 corresponds the type of A in T
e 59 the type of B in I'[z : A]
® (s1,52,53) €R
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PTS in Supernatural Deduction Encoding
I EEEEEEE———

First-order theory
Rules on terms: Ay +

sft] — s
Tisisass) (@, 0) [s] = sy 50,09 (@[s], b ]life(s)])

Rules on propositions:

1)
2)

€(s1,52) — T ((s1,52) € A) (
€ (7'T<sl,32,53> (a,b) 753) — €e(a,s1) A (
Vz. €(z,a) = € (bcons(z)],sz)
€ (t7 T (s1,52,53) (a, b)) - € (#(51,32,53) (a,b) ,53) A (3)
Vz. €(z,a) = €(t z,b[cons(z)])

Guillaume Burel: GEOCAL/LAC, 2008-03-07
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PTS in Supernatural Deduction Resulting System
I ———————————

r Ij_E (Sl, 52)

I well-formed
Sort T L

pTs 51+ 52
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PTS in Supernatural Deduction Resulting System
I ———————————

€ (7 (sy,m,89) (@, 0) 1 53) = €(a,s1) A (2)
Vz. €(z,a) = €(blcons(2)],s2)

T'Fela,s1)  T,e(za)Fe(blcons(z)],sy) _
(2); F— z not free in I’
I'ke (7T<31,32753> (a, b) ,53)

Product L fors AFI:1 I F'['TA: ;1]‘|_PTSB %2 (s1,82,83) ER
PTS X . S3
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PTS in Supernatural Deduction Resulting System
I ———————————

€ (7 (sy,sm,89) (a5 ) ,53) = €(a,s1) A (2)
Vz. €(z,a) = €(blcons(2)],s2)

+ .
['Fe (W(51782,83> (a,b) 753)
T'He (a,s1)

(2)E1

No corresponding inference rule in the PTS
Conservative because if 7, s, s,) (@, ) is the translation of
some PTS term Iz : A B, then A has type s;

I EEEEEEE———
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PTS in Supernatural Deduction Resulting System

€ (7 (sr,sm,89) (@, ) ,53)  —  €(a,s1) A (2)
Vz. €(z,a) = e(blcons(2)],s2)

IFe (71—(51782783) (a,b) 753) r |j€ (u,a)
I Fe (b cons(u)], 52)

(2)E2

No corresponding inference rule in the PTS
Conservative because (s, s, 5,) (@, D) is the translation of some
PTS term Ilz : A B, then B has type sy in I'[z : A] and by

substitution I' b {U/2}B : 59

-
GEOCAL/LAC, 2008-03-07 y Universits
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PTS in Supernatural Deduction Resulting System
I ———————————

€ (t’ 7.7'(51,52,53) (CL, b)) — ¢ (7:‘-<81782,83> (a’v b) 753) N (3)
Vz. €(z,a) = €(t z,b[cons(z)])

T He (rferma (@,0),53)  T,e(z,a) Fe(t 2 blcons(2)])

r 'je (t, 7:‘—<81,82,S3> (a7 b))

(3)1

. Dhpgllz: A B sy Plo: Al T: B
Abstraction [ Az AT:Ilxz: AB

Need for subject reduction for n
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PTS in Supernatural Deduction Resulting System

€ (t7 7%(51,52,33) (CL, b)) — € (7:‘_<31752,53> (CL, b) 753) N (3)
Vz. €(z,a) = €(t z,b[cons(z)])

+ )
I'kFe (t, T(s1,52,53) (a7 b))
B)m ———

I'ke (7‘(’(51,32,53) (a,b) ,53)

No corresponding inference rule in the PTS

Conservative because if 7y, s, s4) (@, D) is the translation of
some PTS term Iz : A B, then A has type sy in I', B has
type so in I'[z : A], hence Ilz : A B has type s3

I E E E EE EE—EE — —_———————
GEOCAL/LAC, 2008-03-07 6
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PTS in Supernatural Deduction Resulting System
I ———————————

€ (tv 7.7'(51,52,53) (CL, b)) - ¢ (7:"<51,52,53> (CL, b) 753) N (3)
Vz. €(z,a) = €(t z,b[cons(2)])

T Fe (t gormay (@,0)) T Fe(u,a)
TFe (t u,b|cons(u)])

(3) 2

FI—PTST:Hx:AB FI—PTSU:A

T oo (T U): {U/2}B

Application
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PTS in Supernatura| Deduction Soundness and conservativeness

Soundness

Theorem 2.
For all contexts I', for all PTS terms A and B, if I . A:B

then |T|Fe(|Al,|B)).
Remaining inference rules:
» Variable: through Axiom

» Conversion: modulo the term rewrite system
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PTS in Supernatura| Deduction Soundness and conservativeness

Conservativeness

Theorem 3.

For all Kve//—formed contexts I", for all terms a, b,

if |[I'|Fe(a,b) then there exists A and B such that
> a— Al
> b—|BIf

> ThyoA: B
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PTS in Supernatura| Deduction Soundness and conservativeness

Conservativeness

Theorem 3.

For all Kve//—formed contexts I", for all terms a, b,

if |[I'|Fe(a,b) then there exists A and B such that
> a— Al
> b—|BIf

> ThyoA: B
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Normalization

Qutline
m [ntroduction
e Logical Frameworks
e Superdeduction
m Natural Superdeduction
m Pure Type Systems
m PTS in Supernatural Deduction
e Encoding
e Resulting System
e Soundness and conservativeness
m  Normalization
e Proof terms
e Equivalence of reductions 7

m Conclusion
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Normalization Proof terms

Proof terms

Proof terms for superdeduction are particular p-terms
In this case, we need function symbols R;, Ry and R3
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Normalization Proof terms
I EE—

Proof terms for (2)

TEM: e (a,s1) T,a:e(z,a) FN e (b [cons(z)], s2)
r Ij/\Rg(z, a,y). y(M,N) : € (s, 50,5 (@, D) ,53)

(2)1

@) LM € (75, 00,85 (@, D), 53)
Bl
TFM Ry(z, o, Mz, y). x) : €(a,s1)

TFEM: e (7 (51,5255 (@, D) ,53) TEN e (u,a)
T F M Ry(u, N, Mz, ). y) : € (b[cons(w)] , s2)

E2
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Normalization Proof terms
I EE—

Proof terms for (3)

T E M € (7ay sy (@,0) ,53)
T,o:e(za) N et 2 blcons(2)])

(3)1 + .
T EARs(z, 00 y). y(M,N) : € (&, 7oy 505 (@, D))

T EM e (t, 7 a0 (a,1))

3)E1 —
D'EM Rs(z, 0, Ma,y). @)+ € (T(sy 50,5) (@, ) ,53)
+ : +
DM € (8, 75y 00,85 (@, D)) I'EN:e(u,a)
T F M Ry(u, N, Ma,y). y) < e (t u, blcons(u)])
Guillaume Burel: GEOCAL/LAC, 2008-03-07
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Normalization Equivalence of reductions ?
I EEEEEEE———

Reductions

(Ax. T'U) T{U/x}T

(ARs(2, a, y). y(T1, To)) Rs(u, N, Az, ). ) %{U/z}{N/Oé}B

What about other p-reductions ?
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Normalization Equivalence of reductions ?

Conjecture

Conjecture 1.

A PTS is strongly normalizing iff the superdeductive system
associated with it is.

I E E E EE EE—EE — —_———————
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Norma“zation Equivalence of reductions ?

Conjecture

Conjecture 1.

A PTS is strongly normalizing iff the superdeductive system
associated with it is.

Proposition 4.

A PTS is strongly normalizing if the superdeductive system
associated with it is.

Allow to use normalization methods for deduction modulo
(premodel, superconsistency)
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Conclusion
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Conclusion

Conclusion

Quite natural encoding of functional PTS into supernatural
deduction

Valid typing judgments = (reducts of) provable sequents
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Conclusion

Conclusion

Quite natural encoding of functional PTS into supernatural
deduction

Valid typing judgments = (reducts of) provable sequents

Type checking = proof search

Guillaume Burel: GEOCAL/LAC, 2008-03-07 Laﬁé Nancy-Université
Superdeduction as a Logical Framework 39/40 (P S,



Conclusion
I EE—

Perspectives

» Add new rules to check wellformedness of contexts (or
pass the context into the term and type)
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Conclusion
I EE—

Perspectives

» Add new rules to check wellformedness of contexts (or
pass the context into the term and type)

» Normalization:
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Conclusion
I EE—
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e Prove conjecture
e Look at superconsistency

Add inductive types: as in CAC ?
Add subtyping as in PVS
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vV v v Vv

Encode more deductive systems using superdeduction:
superdeduction as a logical framework
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