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Deduction modulo = deduction + calculus (Poincaré’s Principle)

Deduction: Gentzen's sequent calculus

TVAFA TFAA
TFA

Cut

Calculus: conversion rules

IBFA I'-B,A

T,AFA [ fA—-B TFAA f-r
Here: rewriting atomic propositions to propositions
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Can we prove every valid sequent without the cut rule 7
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Can we prove every valid sequent without the cut rule 7

A critical proof is a minimal counter-example of the required property (here,

the cut elimination)
Congruence [Crabbé, 1974]: A — BA-A

ABA-AE L FBA-AA
= FA T-r
F ut
[m] = = =
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Can we prove every valid sequent without the cut rule 7

A critical proof is a minimal counter-example of the required property (here,

the cut elimination)
Congruence [Crabbé, 1974]: A — BA-A

mAxiom
A B -AF
ABA-AFN L BA-44
L L
P Cut
[m] = = =
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A critical proof is a minimal counter-example of the required property (here,
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Congruence [Crabbé, 1974]: A — BA-A
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A critical proof is a minimal counter-example of the required property (here,

the cut elimination)
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Cut Elimination Property ?

Can we prove every valid sequent without the cut rule ?

A critical proof is a minimal counter-example of the required property (here,

the cut elimination)
Congruence [Crabbé, 1974]: A — B A —A

mAxiom mAxiom
B.AB-AF " BrBA Br-AA4 "
B.ABA-AF N BFBr-AA
BAr Bra_ |
BE Cut
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Cut Elimination Property ?

Can we prove every valid sequent without the cut rule ?

A critical proof is a minimal counter-example of the required property (here,
the cut elimination)

Congruence [Crabbé, 1974]: A — B A —A

mAxiom mAxiom
B.AB-AF " BrBA Br-AA4 "
B.ABA-AF N BFBr-AA
BAr Bra_ |
BF Cut

There is no cut-free proof of B I (no inference rules to be applied)
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Can we prove every valid sequent without the cut rule 7
No
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Can we prove every valid sequent without the cut rule 7
How can we overcome this ?
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Cut Elimination Property ?

Can we prove every valid sequent without the cut rule ?

No

How can we overcome this 7

We could complete our system by adding a new rule B — L
How can we formalize this ?

Using the Abstract Canonical Systems framework
[Dershowitz and Kirchner, 2006]:  proof ordering = critical proofs =
abstract completion procedure = completeness result
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Theorem: Deduction modulo is an instance of Abstract Canonical System

Burel & Kirchner (LORIA — Nancy)

http://www.loria.fr/~burel/download/gencomp.pdf
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http://www.loria.fr/~ burel/download/gencomp.pdf

Theorem: Deduction modulo is an instance of Abstract Canonical System

but. ..

e undecidability results (cut elimination, search of critical proof)

http://www.loria.fr/~burel/download/gencomp.pdf
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Theorem: Deduction modulo is an instance of Abstract Canonical System

but. ..
e undecidability results (cut elimination, search of critical proof)

@ needs some restriction on quantifiers

http://www.loria.fr/~burel/download/gencomp.pdf
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http://www.loria.fr/~ burel/download/gencomp.pdf

Issues and Perspectives

Theorem: Deduction modulo is an instance of Abstract Canonical System
but. ..

e undecidability results (cut elimination, search of critical proof)
@ needs some restriction on quantifiers

@ extends this to the whole first-order logic
http://www.loria.fr/~burel/download/gencomp.pdf
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Issues and Perspectives

Theorem: Deduction modulo is an instance of Abstract Canonical System

but. ..

e undecidability results (cut elimination, search of critical proof)
@ needs some restriction on quantifiers

@ extends this to the whole first-order logic

@ implementation (ML or TOM or Coq ?)

http://www.loria.fr/~burel/download/gencomp.pdf
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